2017 IEEE International Conference on Systems, Man, and Cybernetics (SMC)
Banff Center, Banff, Canada, October 5-8, 2017

Robustness of Learning-Assisted
Adaptive Quantum-Enhanced Metrology
in the Presence of Noise
Pantita Palittapongarnpim∗ , Peter Wittek†‡ and Barry C. Sanders∗§¶k
∗ Institute

for Quantum Science and Technology, University of Calgary, Calgary, Alberta T2N 1N4 Canada
† ICFO-The Institute of Photonic Sciences, Castelldefels (Barcelona), 08860 Spain
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Abstract—Reinforcement learning algorithms have been shown
to generate procedures for executing quantum control tasks
to desired performances. Although reinforcement learning has
been effective, its robustness in generating quantum control
procedures under general noise condition needs to be tested.
Here we consider adaptive quantum-enhanced interferometric
phase estimation as a case study in quantum feedback control.
The algorithm is determined to deliver a robust quantummetrological procedure under various phase-noise models when
the imprecision surpasses the standard quantum limit. The
robustness against unknown environmental variations positions
the reinforcement learning as a practical approach for devising
quantum control procedures.

I. I NTRODUCTION
Reinforcement learning in quantum physics involves two
complementary approaches. On the one side is the application of reinforcement learning in providing classical learning
and control over quantum systems, for instance, in adapting to a stray magnetic field in measurement-based quantum computing [1], compensating for qubit decoherence [2],
and estimating an unknown phase [3]. This approach contrasts with the alternative of introducing quantum physics
into reinforcement learning, providing a transition point into
quantum-enhanced machine learning, where classical or quantum data are processed by a quantum system. Quantumenhanced reinforcement-learning procedures [4] for large-scale
quantum information processing systems are likely to be a
major application area of quantum machine learning [5] and
have potential in quantum-enhanced protocols, for instance, in
trapped-ion systems [6] and superconducting qubits [7].
One quantum technology beneficiary of reinforcement
learning
is
adaptive
quantum-enhanced
metrology
(AQEM) [8], [9], whose aim is to infer the estimate φ
e of an
unknown parameter φ such that the scaling of imprecision
∆e
φ exceeds the standard quantum limit (SQL) [10]. The
imprecision scales with the number of particles N used in
the measurement process as ∆e
φ ∈ O (N −℘ ) [11]. The SQL
978-1-5386-1644-4/17/$31.00 ©2017 IEEE

is an asymptotic limit defined for N → ∞ where ℘ = 1/2.
Surpassing the SQL is possible with N -entangled state inputs,
enabling a power-law scaling that approaches ℘ = 1 known
as the Heisenberg limit (HL) [11]. If sequential single-particle
measurements are performed, the HL can be approached
by using an adaptive procedure based on the outcomes of
preceding measurements [8]. The rules for applying the
adaptive procedure is called a policy and is difficult to
devise due to the exponentially increasing number of possible
outcomes with N . A reinforcement-learning approach is
introduced to make this process tractable.
Phase estimation is a widely-studied problem in metrology as it captures the essence of cutting-edge scientific
investigations and technologies, such as gravitational-wave
detection [12], atomic clocks [13], and magnetometers [14].
As a result, the SQL and the HL are well known for
phase estimation and can be used to compare the performance of quantum-enhanced measurement procedures [15].
Reinforcement-learning-based AQEM can deliver imprecision exceeding SQL under Gaussian phase noise by directly
searching for feasible feedback policies [16]. Whether this
reinforcement-learning algorithm can generate successful policies under other phase-noise models has never been tested.
We call a reinforcement-learning algorithm robust if it
delivers ℘ > 1/2 for all phase-noise models. Of course, we
can only test robustness against a selection of phase noise,
so we call the algorithm robust if it is robust against these
test cases of phase-noise models. The phase noise is simulated by making φ a random number according a probability
distribution, and the functional form of the distribution is
what we refer to here as a model. As Gaussian distribution
is symmetric, we choose one symmetric and two asymmetric
distributions for our robustness test, all of which are unimodal.
Random telegraph noise exhibits as discrete shifts in the value
of φ [17], which we modify to be an example of non-Gaussian
symmetric distribution. The two asymmetric distributions are
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skew-normal [18] and log-normal distribution [19], which are
chosen because their variance shift in opposite direction when
their parameters for skewness increase and hence can be used
to determine if the change in ℘ has any correlation with
skewness.
We show that our reinforcement-learning-based adaptive
phase estimation incorporating three types of phase noises is
robust by numerical analysis of the imprecision and the scaling
℘, assuming a power-law relationship between the imprecision
and N .
II. BACKGROUND
In this section, we describe the procedure of adaptive
interferometric phase estimation including phase noise. We
then discuss employing reinforcement learning to generate a
successful policy and outline the algorithm based on differential evolution (DE).
A. Noisy adaptive interferometric phase estimation
In this subsection, we explain the procedure of adaptive
interferometric phase estimation (Fig. 1). An interferometer
that has two input and two output ports accepts an input state
of N particles injected into the interferometer one at a time.
Inside the interferometer is a noisy unknown phase shifter φ
and a controllable phase shifter Φ. The output path for the
mth particle is detected as xm ∈ {0, 1}. The outcome of
the detection is used to update the controllable phase shifter
Φm = Φm−1 − (−1)xm ∆m , which is a form of generalized
logarithmic search [20]. After all the particles are used, the
estimate φ
e ≡ ΦN is the output.
The quantum input state of the particles |ψN i is a normalized vector in a complex Hilbert space. For our adaptive
phase estimation procedure, we consider the sine state [21]–
[23], where particles in different time bins are entangled and is
spanned on a permutationally symmetric basis {|na , N − na i},
where na is the number of particles entering the interferometer
through input port a. The Hilbert space for the sine state is of
N + 1 dimension.
The unitary operator representing the interferometer
Ûm (φ − Φm−1 ) acts on the mth particle. In the case of noisy
phase estimation, φ takes a value according to P (φ), which
we consider to be unimodal that peaks at φ0 ∈ [0, 2π). The
value of φ changes for each particle independently.
A measurement on a quantum state is a positive-operator
valued measure, which transforms the quantum state contingent upon the measurement outcome xm . The outcome also
determines the update Φm−1 → Φm according to a real-vector
N
policy %N = (∆1 , ∆2 , . . . , ∆N ) ∈ [0, 2π) . As such, the
policy determines φ
e and consequently ∆e
φ and ℘.
The imprecision of estimate φ
e, which is a variable with a
period of 2π, is quantified by a modified Holevo variance [24]
VH = SK (%N )−2 − 1,
SK (%N ) =

K
X
k=1

(k)
ek (%N )))
i(φ0 −φ

e

K

(1)
.

(2)

Input: number of particles N , input quantum state |ψN i,
policy %N , unknown phase shift φ0
Output: estimate φ
e
Initialization: controllable phase shift Φ0 ← 0
for 1 ≤ m ≤ N do
φ ← RandomNumber(φ0 )
xm , |ψN −m i ← Measure(|ψN −m+1 i , φ, Φm−1 )
if xm = 0 then
Φm ← Φm−1 − ∆m
else
Φm ← Φm−1 + ∆m
end if
m←m+1
end for
return ΦN
Fig. 1. Pseudocode describing adaptive interferometric phase estimation. The
phase φ0 is the most likely value of φ. The phase shift φ is a random number
generated by function RandomNumber() following a probability distribution.
The process of injecting and measuring a particle is simulated by function
Measure(), which outputs a measurement outcome xm and updates the state
|ψN −m+1 i 7→ |ψN −m i accordingly [22]. The state |ψN −m i is used in the
next step of the measurement until all particles are detected.

The sharpness Sn
K here
o is calculated from estimates of uni(k)
from [0, 2π). The sample size K =
formly sampled φ0
2
10N is used as it has been found to approximate the exact
sharpness [16].
(k)
ek is in the exponent, the bias of φ
e is
Because φ0 − φ
not quantified by the modified Holevo variance, and therefore
we cannot ascertain the accuracy of φ
e using this information.
We leave the subject of bias for later work as the program
needs to be modified to compute and output bias properly
and independently of the modified Holevo variance. Here we
decide whether the learning algorithm is robust based solely
on whether it can generate policies that deliver the scaling of
the modified Holevo variance exceeds the SQL for all phase
noise models.
B. Reinforcement learning for adaptive phase estimation
In this subsection, we explicate how reinforcement learning is used to overcome the intractability in generating the
feedback policy by expressing the adaptive measurement
scheme as a partially observable Markov decision process
(POMDP) [25]. From there, the reinforcement-learning algorithm is formulated to perform a direct search of the policy.
We outline the algorithm and the heuristics employed to make
the search tractable.
Generating a feedback policy for an adaptive measurement
is an optimization process over all possible sequences of
outcomes xm and all possible value of φ0 ∈ [0, 2π), which is
computationally not tractable because of the infinitely many
possible values of φ0 . A learning algorithm can be used to
find a generalized policy optimized over a finite set of training
data [26]. Reinforcement learning, in particular, is useful for
quantum control in the absence of a trusted model as the
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policy can be generated through interactions with the quantum
system [27].
Reinforcement learning can be applied to adaptive phase
estimation by recognizing that the procedure is a POMDP.
The processing unit makes a decision to tweak the current
estimate Φm−1 by ±∆m depending on xm without the full
knowledge of the environment state (the quantum state of
particles |ψN −m+1 i, the unknown phase shift φ0 , and the
noise model and parameters). As we are not concerned with
the trajectory of the state evolution and only the imprecision
of the estimate, we choose to search directly for successful
policies instead of back-propagating for a value function [28].
To select an appropriate optimization algorithm, we first
consider the dimension of the search space and the fitness
landscape. The generalized logarithmic given in Subsec. II-A
is Markovian and symmetric, so for each measurement step
only one parameter ∆m is associated with the update. Policies
N
for the procedure are in [0, 2π) , whose dimension scales
linearly with the number N of particles. We use the sharpness
function (2) as the measure of a policy’s performance due to
its relation to the modified Holevo variance.
The fitness landscape of the sharpness function is nonconvex [3], and, therefore, we select a global optimization
algorithm to generate a policy. The algorithm is chosen based
on two criteria: its ability to generate solutions for highdimensional problems, and its independence of models. The
latter criterion is imposed to make the reinforcement learning
as close to model-free as possible. To this end, we select
DE [29], which has been found to generate successful policies
over N = 90 for an ideal interferometer as opposed to particle
swarm optimization (PSO), which only delivers power-law
scaling up to N = 45 [30]. With modification [31], DE is able
to deliver successful policies for Gaussian phase noise [32].
Moreover, DE does not rely on a model of the quantum system
or a model of the fitness landscape.
Further reduction of search-space size is implemented by
initializing the DE population for N -particle measurement randomly according to Gaussian distributions around the policy
for N − 1 in the N -dimensional search space [3]. This initialization heuristic allows our algorithm to generate successful
policies within an evaluation budget of 300 generations for
N = 4 and 100 generations for 4 < N ≤ 93 using a
population size Np = 48. For N > 93, we implement a
different termination criterion based on whether the variance
follows the power-law trend set by data from N ≤ 93,
allowing us to achieve a better than SQL scaling up to 100
particles [32].
Each ∆m in policy %N is randomly initialized following
a specified probability distribution and iteratively modified
according to DE/rand/1/bin algorithm. The value are kept
within the domain by setting the upper limit to 2π and lower
limit to 0. The outline of the algorithm is in Fig. 2.
III. S IMULATION OF PHASE NOISE
In this section, we outline the methods for generating
phase noise in the simulation of adaptive interferometric phase

Input: number of particles N , policy %N −1 , DE population
size Np , DE scaling factor F = 0.1, DE crossover rate
Cr = 0.6
Output: %N
Initialization: generation t ← 1, candidate solutions V (t),
candidate offsprings D(t), fitness from one instance S(t),
average fitness f (t)
for 1 ≤ p ≤ Np do
V (p) (t) ← Initialize(%N −1 )
f (p) (t) ← Sharpness(V (p) (t))
end for
while termination condition not met do
for 1 ≤ p ≤ Np do
S (p) (t) ← Sharpness(V (p) (t))
f (p) (t) ← Average(f (p) (t), S (p) (t))
Randomly select 3 candidates {V (i6=p) (t)}
Generate D (p) (t) from selected candidates using
F, Cr
S (p) (t) ← Sharpness(D (p) (t))
Select D (p) (t) or V (p) (t) to be V (p) (t + 1) based
on whether S (p) (t) or f (p) (t) is higher
end for
%N ← V (p) (t) with highest f (p) (t)
t←t+1
end while
return %N
Fig. 2. Pseudocode outlining the noise-resistant reinforcement-learning algorithm for adaptive interferometric phase estimation [32]. t runs up to 300
for N = 4 and 100 for 4 < N ≤ 93. For N > 93, the algorithm
accepts a policy that follows a power-law trend line within 0.98 confidence
interval. The function Initialize() creates a random starting policy following
a specified distribution. The Sharpness() computes the sharpness function by
calling K = 10N 2 instances of adaptive phase estimation using randomly
sampled φ0 . An offspring is generated using DE/rand/1/bin and compete with
its parent using the average sharpness.

estimation, i.e., the function RandomNumber() in Fig. 1. We
apply our reinforcement-learning algorithm to adaptive phase
measurements that include three examples of symmetric and
asymmetric noise models, namely, random telegraph noise,
skew-normal noise and log-normal noise. The random number
is divided by 2π and the remainder is used as the phase shift
in simulation in order to keep φ ∈ [0, 2π).
A. Properties of phase noise distribution
In this subsection, we discuss variance and skewness of
a phase-noise distribution and their effect on ∆e
φ and ℘.
Whereas variance has been previously observed to increase
∆e
φ, the effect of skewness has never been studied. Because
changing the parameter that determines skewness also changes
the variance, we choose two asymmetric distributions whose
variances response to the change in skewness parameters in
opposite directions. The tail probability of a skewed-normal
distribution approaches zero faster than a Gaussian distribution
of the same σ [33], meaning the variance decreases with
increasing skewness. The opposite is true for a log-normal
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distribution [19]. Contrasting the two distributions allows us
to determine the effect of skewness on ∆e
φ and ℘.
The phase noise imparts additional imprecision to φ
e by
adding uncertainty to φ in each measurement step. As such,
the effect of the phase noise should scale with N , although
the mathematical relationship between the properties of the
distribution and ℘ is not known. We found that the skewness
does not correlate with ℘ whereas the variance does. Therefore, we only report the variance for the selected noise models
and parameters in this paper.

TABLE I
T HE P OWER -L AW S CALING ℘ C OMPUTED FROM THE L INEAR F IT OF
log VH VS . log N
Noise model
SQL
HL
ideal
telegraph

skew-normal

B. Random telegraph noise
A random telegraph noise [17] follows a discrete probability
distribution


 1 − Ps , φ = φ 0 ,
p(φ) = P2s ,
(3)
φ = φ0 − δ,

 Ps
,
φ
=
φ
+
δ.
0
2
We indicate the probability switching to an erroneous value of
φ by Ps . The parameter δ indicates the distance between φ0
and two side peaks at φ0 + δ and φ0 − δ. We keep Ps = 1/2,
which leads to the distribution being unimodal. The variance
of a symmetric random telegraph noise is V (φ) = Ps δ 2 .
The random telegraph noise is implemented by conditioning
the value of φ on a uniform random number. If the random
number is less than Ps , φ is either φ0 − δ or φ0 + δ with 50/50
chance.
C. Skew normal noise
Skew normal noise follows a continuous distribution [18]
(φ−µ)2 


α
e− 2σ2
p(φ) = √
1 + erf √ (φ − µ)
,
(4)
2πσ
2σ
defined for φ ∈ (−∞, ∞), where erf() is the error function.
A Gaussian distribution is recovered when α = 0, with µ
indicating the mean and σ the width of the distribution. As the
ratio |α/σ| increases, the distribution narrows and becomes
asymmetric. The distribution peaks close to µ, although the
closed-form for the mode 
is not known.The variance for this
2α2
.
distribution is V (φ) = σ 2 1 − π(1+α
2)
The method for generating the random number starts with
a sampling from a skew-normal distribution for µ = 0, σ = 1,
and a desired α [34]. We then rescale and shift the random
number by φ 7→ φσ + φ0 .
D. Log-normal noise
A log-normal noise follows a heavy-tailed distribution of
the form [35]
(log φ−µ)2
2σ 2

e−
p(φ) = √

2πσφ

.

log-normal

2



2

The variance of the distribution is V (φ) = eσ − 1 e2µ+σ .
As the log-normal distribution is defined for φ ∈ (0, ∞), we
first generate a random number within the supporting domain
given µ and σ using the rejection sampling approach [36]. To

φ variance

Ps = 0.5, δ = 0.2
Ps = 0.5, δ = 0.5
Ps = 0.5, δ = 1.0
σ = 0.5, α = 0
σ = 0.5, α = 2.5
σ = 0.5, α = 10
µ = 0.2, σ = 0.2
µ = 0.2, σ = 0.5
µ = 0.2, σ = 1.0

0.02
0.125
0.5
0.25
0.112797
0.0924208
0.063367
0.544062
6.96798

2℘
1
2
1.4397
1.4147
1.3495
1.2703
1.3411
1.3815
1.3915
1.4785
1.3062
1.1363

R2

0.9991
0.9994
0.9994
0.9995
0.9995
0.9994
0.9993
0.9944
0.9985
0.9976

shift the mode to φ0 , we compute the mode for the distribution
2
2
from eµ−σ and the distance φ0 − eµ−σ between the mode
and the true phase shift. The random number generated is then
2
shifted by φ 7→ φ + (φ0 − eµ−σ ).
IV. M ETHOD
In this section, we explain how the data are generated and
the scaling of the modified Holevo variance are computed.
We run the reinforcement-learning-based adaptive phase estimation including phase noise on a computer cluster of 48
CPUs and collect the modified Holevo variance for accepted
policies.
For random telegraph noise and skew-normal noise, we
generate the policies for N = {4, 5, . . . , 100}, giving the
wall time of 48 hours. For the log-normal noise, we generate
data up to N = 30 as the rejection-sampling method for
generating random numbers are time-consuming, taking 5
hours to generate data for N = {4, 5, . . . , 30}. As such, the
power-law scaling ℘ of VH from the log-normal noise should
not be directly compared with the data from random telegraph
noise and skew-normal noise but taken as suggestions for
whether the learning algorithm is able to generate successful
policies.
For each noise model, we collect data for three parameter
sets. For asymmetric distributions, we vary only the parameters
associated with skewness in order to determine how the
asymmetry affects ∆e
φ and ℘. We also compute the variance
of the distributions to show the correlation with the scaling ℘.
The power-law scaling ℘ is computed by linearly fitting
log VH vs log N . The data from the ideal interferometer is used
to generate the SQL and HL from the intercept of the linear
fit. The SQL and HL computed in this fashion are used to
provide theoretical benchmarks for the adaptive scheme given
an ideal interferometer.

(5)


Parameters

V. R ESULTS
In this section, we present the modified Holevo variance
obtained from applying the reinforcement-learning algorithm
to adaptive phase estimation in the presence of one of the
three noise models (Fig. 3) and ℘ computed from these data
(Table I).
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Fig. 3. Logarithmic plots of VH versus number of particles in the presence of phase noise. The red crosses are the results from an ideal interferometer.
The intercept from these data are used to calculate the SQL (purple dash line) and HL (solid black line). (a) VH in the presence of random telegraph noise
with Ps = 0.5. Three values of δ are used in the simulation: 0.2 rad (blue circles), 0.5 (green squares), and 1.0 (orange triangle). (b) The random telegraph
distributions for Ps = 0.5 and three values of δ: 0.2 (blue), 0.5 (green) and 1.0 (orange). (c) VH in the presence of skew-normal noise with σ = 0.5. Three
values of α/σ are used in the simulation: 0 (blue circles), 5 (green squares), and 20 (orange triangle). (d) The skew-normal distributions for σ = 0.5 and three
values of α/σ: 0 (blue), 5 (green) and 20 (orange). (e) VH in the presence of log-normal noise with µ = 0.2. Three values of σ are used in the simulation:
0.2 (blue circles), 0.5 (green squares), and 1.0 (orange triangle). (f) The log-normal distributions for µ = 0.2 and three values of σ: 0.2 (blue), 0.5 (green)
and 1.0 (orange).

Fig. 3b shows the distributions for random telegraph noise
plotted for three parameter sets that are used to generate VH
in Fig. 3a. The scaling ℘ computed from these data exceed
SQL (Table I) with the tendency towards the SQL as δ, and
therefore the variance, increases.
A skew-normal distribution narrows as skewness, determined by α, increases (Fig. 3d). At α = 0, the distribution
takes the form of a Gaussian distribution with the width of σ.
Without changing σ, we increases α and found that the values
of ℘ increases, correlating to the decrease in variance rather
than the increase in skewness (Fig. 3c).
The data from the log-normal distributions (Fig. 3f) shows
the same trend between ℘ and the variance of the distribution
(Fig. 3e). Fixing the parameter µ, the variance of log-normal
distribution increases with skewness determined by σ. As a
result, ℘ computed from the distribution with the largest σ in
the three sets also is the closest to ℘ of the SQL.

VI. D ISCUSSION
In this section, we discuss the findings in Sec. V. The powerlaw scaling of the modified Holevo variance in the presence
of the three noise models all exceed the SQL for the selected
noise parameters (Table I), including the one for log-normal
noise with variance of 6.96798, which is a large variance
for a variable in [0, 2π). Hence, our reinforcement-learning
algorithm based on Gaussian phase noise is robust.
The data in Table I also suggest that ℘ decreases with the
increase in noise variance, and the algorithm is speculated to
not be robust for strong noise beyond the variance of 6.96798.
However, the limit for when the learning algorithm fails is not
yet known. Also, the inverse correlation between variance and
℘ is only shown for the phase noise of the same functional
form. A conclusive relationship between variance and ℘ cannot
yet be established due to limited data.
VII. C ONCLUSION
In this paper, we test the robustness of our reinforcementlearning algorithm for adaptive interferometric phase estima-

298

tion under various phase-noise models. The algorithm is said to
be robust if ℘ > 1/2 for all models. We show that for random
telegraph noise, skewed-normal noise, and log-normal noise,
our reinforcement-learning algorithm is robust. The decrease
in ℘ with the increase in noise variance suggests that the
algorithm is not robust for strong noise, although the value
of the variance in which ℘ approaches SQL is not known.
Determining the noise parameters where the algorithm fails
and determining the bias due to asymmetric phase noise are
topics for future work.
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